We investigate the group irregularity strength (s g (G)) of graphs, i.e. the smallest value of s such that taking any Abelian group G of order s, there exists a function f : E(G) → G such that the sums of edge labels at every vertex are distinct. We give the exact values and bounds on s g (G) for chosen families of disconnected graphs. In addition we present some results for the modular edge gracefulness k(G), i.e. the smallest value of s such that there exists a function f : E(G) → Z s such that the sums of edge labels at every vertex are distinct.
Introduction
It is easy exercise to show that in any simple graph G there are at least two vertices of the same degree. The situation changes if we consider an edge labeling f : E(G) → {1, . . . , s} and calculate weighted degree (or weight) of each vertex x as the sum of labels of all the edges incident to x. The labeling f is called irregular if the weighted degrees of all the vertices are distinct. The smallest value of s that allows some irregular labeling is called irregularity strength of G and denoted by s(G).
The problem of finding s(G) was introduced by Chartrand et al. in [4] and investigated by numerous authors. Best published result due to Kalkowski et al. (see [10] ) is s(G) ≤ 6n/δ. There are some signals that it was recently improved by Przyby lo ( [13] ) for dense graphs of sufficiently big order (s(G) ≤ 4n/δ in this case). Exact value of s(T ) for a tree T was investigated e.g. by Aigner and Triesch ( [1] ), Amar and Togni ([2] ), Ferrara et al. ( [5] ) and Togni ([14] ).
Lo in [12] defined edge graceful labelings. A graph G of order n and size m is edge-graceful if there exists a bijective mapping f : E(G) → {1, 2, . . . , m} such that the induced vertex labeling f ′ : V (G) → {0, 1, 2, . . . , n−1} defined as
f (uv) mod n is a bijection. In the above definition of an edge-graceful labeling of a connected graph G of order n > 2 and size m, the edge labeling f is required to be a bijection. However, since the induced vertex labels f ′ (u) are obtained by summation in Z n , the mapping f is actually a mapping from E(G) to Z n and is in general not one-to-one. It is easy to see that the mapping f : E(G) → Z n is one-to-one if and only if m = n − 1 or m = n ( [7] ). Jones combined the concepts of graceful labeling and modular edge coloring into labeling called a modular edge-graceful labeling ( [7, 8, 9] ). He defined the modular edge-gracefulness of graphs as the smallest integer k(G) = k ≥ n for which there exists an edge labeling f :
is one-to-one. Assume G is an Abelian group of order m ≥ n with the operation denoted by + and identity element 0. For convenience we will write ka to denote a+a+· · · +a (where element a appears k times), −a to denote the inverse of a and we will use a − b instead of a + (−b). Moreover, the notation a∈S a will be used as a short form for a 1 + a 2 + a 3 + . . . , where a 1 , a 2 , a 3 , . . . are all the elements of the set S. The order of the element a = 0 is the smallest r such that ra = 0. It is well-known by Lagrange Theorem that r divides |G| [6] .
We define edge labeling f : E(G) → G leading us to the weighted degrees defined as the sums (in G):
The concept of G-irregular labeling is a generalization of a modular edgegraceful labeling. In both cases the labeling f is called G-irregular if all the weighted degrees are distinct. However, the group irregularity strength of G, denoted s g (G), is the smallest integer s such that for every Abelian group G of order s there exists G-irregular labeling f of G. Thus the following observation is true. 
The following theorem, determining the value of s g (G) for every connected graph G of order n ≥ 3, was proved by Anholcer and Cichacz [3] .
In [7] it was proved in turn that for every connected graph G of order n ≥ 3
In order to distinguish n vertices in an arbitrary (not necessarily connected) graph we need at least n distinct elements of G. However, n elements are not always enough, as shows the following lemma.
In this paper we generalize the above results for some families of disconnected graphs. Our main results are three following theorems. 
Theorem 1.6. Let G be a graph of order n having neither component of order less than 3 nor a K 1,2u+1 component for any integer u ≥ 1. Then:
Proofs of the main results
We will start this section with two simple observations. Observation 2.1. If G is an Abelian group of odd order n, then for any element a ∈ G there exists unique element b ∈ G such that 2b = a.
Proof. Let us define the function λ : G → G, λ(g) = 2g. If for some g 1 , g 2 ∈ G we have λ(g 1 ) = λ(g 2 ), then it follows that 2(g 1 − g 2 ) = 0 and consequently g 1 − g 2 = 0, as there is no involution in G. Thus λ is bijection.
For sake of simplicity, for any element a ∈ G, we are going to use the notation a/2 for the element b ∈ G satisfying 2b = a. Let µ(G) be the number of elements g ∈ G such that there exists g 2 ∈ G. Observation 2.2. Let G be an Abelian group of order n = 2 α (2β + 1), for some integers α > 0 and β and let A be an Abelian group of order 2β + 1.
Proof. Notice that for any a ∈ Z 2 γ , a = 2h + 1 for some h ∈ Z 2 γ , there is no such element a ′ ∈ Z 2 γ that 2a ′ = a. Thus if g = (2h + 1, a), then there does not exist Given any two vertices x 1 and x 2 belonging to the same connected component of G, there exist walks from x 1 to x 2 . Some of them may consist of even number of vertices (some of them being repetitions). We are going to call them even walks. The walks with odd number of vertices will be called odd walks. We will always choose the shortest even or the shortest odd walk from x 1 to x 2 .
We start with 0 on all the edges of G. Then, in every step we will choose x 1 and x 2 and add some labels to all the edges of chosen walk from x 1 to x 2 . To be more specific, we will add some element a of the group to the labels of all the edges having odd position on the walk (starting from x 1 ) and −a to the labels of all the edges having even position. It is possible that some labels will be modified more than once, as the walk does not need to be a path. We will denote such situation with φ e (x 1 , x 2 ) = a if we label the shortest even walk and φ o (x 1 , x 2 ) = a if we label the shortest odd walk. Observe that putting φ e (x 1 , x 2 ) = a means adding a to the weighted degrees of both vertices, while φ o (x 1 , x 2 ) = a means adding a to the weighted degree of x 1 and −a to the weighted degree of x 2 . In both cases the operation does not change the weighted degree of any other vertex of the walk. Note that if some component G 1 of G is not bipartite, then for any vertices x 1 , x 2 ∈ G 1 there exist both even and odd walks.
Next lemma gives us the sufficient conditions for a group G to allow some G-irregular labeling of given graph G. Theorem 2.3. Let G be a disconnected graph of order n with all the bipartite components having both color classes of even order and with no component of order less than 3. Let s = n+1 if n ≡ 2 (mod 4) and s = n otherwise. Then for every integer t ≥ s there exists a G-irregular labeling for every Abelian group G of order t with at most one element i ∈ G such that i = 0 = 2i.
Proof. Let us denote the connected components of G with G 1 , G 2 , . . . , G r . Let G 1 , G 2 , . . . , G p be the components of odd order, G p+1 , G p+2 , . . . , G q the non-bipartite components of even order and G q+1 , G q+2 , . . . , G r -the bipartite components.
As there is at most one involution in G, we can be sure that G ≡ Z 2 α × A where A is an Abelian group of order 2β + 1 for some integers α, β ≥ 0. Let the elements of G be g 0 = 0, g 1 , g 2 , . . . , g t−1 . We can thus represent the elements of G by the ordered pairs (z, a), where z ∈ Z 2 α and a ∈ A. We will use a instead of (0, a) when α = 0 (i.e. when |G| = 2β + 1).
Notice that t ≥ n + 1 for n ≡ 2 (mod 4) and t ≥ n otherwise. Thus the number of elements g ∈ G for which g/2 exists is µ(G) ≥ Therefore we can pick k = ⌊ p 2 ⌋ elements, say g 1 , g 2 , . . . , g k , such that g j = 0, g j = −g j and there exists g j 2 ∈ G for j = 1, 2, . . . , k. We choose any vertex x j ∈ G j for j = 1, . . . , 2k − 2 and we put
2 , if j ≡ 0 (mod 2).
Now we consider two cases, depending on the parity of n. If n is odd, then also p is odd. In such a situation we choose any vertex x j ∈ G j for j = 2k − 1, 2k = p − 1 and we put
and we leave the vertex x p with weighted degree 0. After that we are left with even number n − p of vertices that can be joined with even walks into couples (x 1 j , x 2 j ), j = 1, . . . , (n − p)/2. On the other hand there are at least (n − p)/2 disjoint pairs (g j , −g j ), g j = 0 of unused elements of G: (|G| − p)/2 when |G| is odd and (|G| − p − 1)/2 otherwise. We put
for every j = 1, . . . , (n − p)/2 and we are done. If n is even, then also p is even. Our next steps depend on the value of t. If t ≥ n + 1, then we proceed as in the previous case, except the fact that p = 2k and none of the vertex weights in odd components is equal to 0. Observe that also in this case after weighting one vertex in every odd component we still have at least (n − p)/2 disjoint pairs (g j , −g j ), g j = 0 of unused elements of G and n − p vertices to label. If t = n, it means that n ≡ 0 (mod 4) and so there exists i/2 ∈ G, where i is the only involution of G. So we choose any vertex x 2k−1 ∈ G 2k−1 , we put φ e (x 2k−1 , x 2k−1 ) = i 2 and we leave the vertex x p with weighted degree 0. After that we still have exactly (n − p)/2 disjoint pairs (g j , −g j ), g j = 0 of unused elements of G and n − p vertices to label, so we proceed as in the previous cases and we can complete the labeling.
In particular, the following corollary is true, as in every cyclic group Z k there is exactly one involution i = k/2 if k is even and no involution if k is odd.
Corollary 2.4. Let G be a disconnected graph of order n with all the bipartite components having both color classes of even order and with no component of order less than 3. Let s = n + 1 if n ≡ 2 (mod 4) and s = n otherwise. Then for every integer t ≥ s there exists a Z t -irregular labeling.
Next lemma allows to find group irregular labelings for another class of graphs.
Lemma 2.5. Let G be a graph of order n having neither component of order less than 3 nor a K 1,2u+1 component for any integer u ≥ 1. Then for every odd integer t ≥ n there exists a Z t -irregular labeling.
Proof. We are going to use the following theorem, proved in [11] .
Theorem 2.6 ([11]
). Let n = r 1 + r 2 + · · · + r q be a partition of the positive integer t, where r i ≥ 2 for i = 1, 2, . . . , q. Let A = {1, 2, . . . , t}. Then the set A can be partitioned into pairwise disjoint subsets A 1 , A 2 , . . . , A q such that for every 1 ≤ i ≤ q, |A i | = r i with a∈A i a ≡ 0 (mod t + 1) if t is even and a∈A i a ≡ 0 (mod t) if t is odd.
We are going to divide the vertices of G into triples and pairs. Let p 1 be the number of bipartite components of G with both color classes odd, p 2 with both classes even and p 3 with one class odd and one even. Let p 4 be the number of remaining components of odd order and p 5 -the number of remaining components of even order. The number of triples equals to 2p 1 + p 3 + p 4 . The remaining vertices form the pairs. Now we are going to partition the elements of Z t . We are interested only in the case when t is odd. The authors show the construction of 2l +1 triples B 1 , B 2 , . . . , B 2l+1 and m pairs C 1 , C 2 , . . . , C m where l = ⌊(2p 1 + p 3 + p 4 )/2⌋ and m = (t − 6l − 3)/2. We will denote the elements of triples and pairs with B j = (a j , b j , c j ) and C j = (d j , −d j ). Each of those triples and pairs sums up to 0 (mod t). It is easy to observe that for a given element g ∈ Z t , g = −g, either (g, −g) = C j for some j or (g, −g, 0) = B j for some j (there exists exactly one such triple) or g and −g belong to two distinct triples. If n is even, then we remove t (i.e. 0) from the triple B j to which it belongs in order to obtain additional pair C m+1 (observe that after removing 0, the number of remaining elements of Z t is still enough to distinguish all the vertices of G as in this case t ≥ n + 1).
Let us start the labeling. We are numbering the pairs and triples consecutively, starting with 1 for both lists.
Given any bipartite component G with both color classes even, we divide the vertices of every color class into pairs (x 1 j , x 2 j ), putting
for every such pair. We proceed in similar way in the case of all the nonbipartite components of even order, coupling the vertices of every such component in any way.
If both color classes of a bipartite component are of odd order, then they both have at least 3 vertices. We choose three of them, denoted with x j , y j and z j+1 , in one class and another three, x j+1 , y j+1 and z j , in another one and we put φ e (x j , z j ) = b j , φ e (y j , z j ) = c j , φ e (x j+1 , z j+1 ) = b j+1 , φ e (y j+1 , z j+1 ) = c j+1 .
We proceed with the remaining vertices of this kind of components as in the case when both color classes are even.
In the case of all the components of odd order we choose three vertices x j , y j and z j (in the case of bipartite component z j belongs to the odd color class and to other vertices to the even one). We put φ e (x j , z j ) = b j , φ e (y j , z j ) = c j .
Observe that the numbers of triples and pairs of elements of Z t are at least equal to the numbers of triples and pairs of vertices of G. Thus the labeling defined above is zet t -irregular. Indeed, in the j th triple of vertices the weights are equal to w(x j ) = b j , w(y j ) = c j and w(z j ) = −a j and in the j th pair we have w(x 1 j ) = d j and w(x 2 j ) = −d j .
